Braess Paradox in Electrical Networks — When more might mean less
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Electrical grids are part of the network of connections maintaining a city alive nowadays. Many times we see a limited FO un d ations Of Grap h Th eo I‘y - Define WS =T N DN R2N R3. Some care is required in defining the intersection of these sets, since T and D
amount of lines and poles, as well as, supportive local electrical transformer points (LETP). Most of these connections are | | | contain a list of nodes, whereas R2 and R3 contain a list of pairs of nodes. If Q is a set of single elements, and W is
wired in parallel in order to guarantee a sustainable flow of electricity plus being robust enough against failures. Why are Fig 4 : (a) In Graph Theory, a Graph is defined as the  Fig 5 : The idea of connections can be extended to the a set of pairs of elements, then we will say that {y;,w;} € Q N W if and only if y;, € Qand y; € Q, forall y;, Y; € ¥
we not making the system redundant and increasing the number of grid points and cabling? Despite of the economic cost collection of vertices or points that are connected by edges concept of adjacency, where two vertices are joined by an . Calculate the clustering ’coefﬁcient for all the sult’)-g]raphs Those for which i( - 5/6 rep;reser’n Wheatls’tor{e sub-
of such approach there is a counter intuitive fact known as the Braess Paradox, stating that the addition of some extra or lines, (b) By looking at the configuration of a graph, we  edge, and consequently, we say that these two vertices are networks '
lines will be detrimental to the performance level of the network or the grid. This fact is extremely important when you are can determine the number of edges connected to its Incident with that edge that bonds both together or vice versa. ' K 1,22 )\
designing Smart Grids and Cities. In this presentation, as part of a term project for MAD 3300 Graph Theory and Networks vertices or known formally as the degree of its vertices. wheatstone _Z< 373" >_3
the Braess Paradox is investigated for several network configurations. Special interest is dedicated to the Wheatstone Verti m-by-n matrix + For all pairs of nodes {(i,j)} in WS, construct the node-node adjacency matrix for the sub-graph consisting of i, j, and
bridge and to those networks containing such configurations as part of their structural elements. The flow across the (a) ertices (b) Vertox | Dogres a;j ncolumns _ 01100000 all nodes that are neigh’bors of bé)th i and j (that is, those nodes which have a geodesic path distance of on’e ’from
network as well as the overall resistance are computed and expressed in terms of network characteristics. : : Fows . A /%O/' \6 g g g <1> ? (1) g 8 both i and j). Ignor.e_any direct "n.ks betwe_en i and j. We take the union of the T matrix, degrees qf the nodes, R2
2 1 1 Bas  Gae .. 10\_0 O Oy =D 400000000 and R3. By organizing the datg Into a series of 4 tables, we were able.to conclude upon analyzing the reduced
- - 3 1 I\ 00000000 network graph that each table gives us each of the Wheatstone configurations present.
1. Motivations and General ldeas | T R - L T
Edges > 2 _I | | _ SR Wheatstone Bridge 1 Wheatstone bridge 3
T Fig 1. Schematic representation of the USA backbone electrical grid (a). As it O ° - 1 1 2 1 2 4 6 8 9
' /}f\ might be noti_ce, the grid can_be mapped into a g_raph or netw_orl_< (b), where the Fig 6 : (a) Particularly, we can represent any graph based 1 6 0 1 1
hubs are vertices and power lines are edges. The idea is to optimize the topology on the previous information with either its corresponding g 2 1 0 1 o 1 0 1
of the network and make it a smart grid (c). adjacency or incidence matrix. If n represents the number 0101 ‘ 2 100100 4 o 1 0 9 L1 3 A
nodes (b) of vertices and m represents the number of edges, the ao=|1 0 1 2 ° (110011 5 11 1 10 1 0 1
4 adjacency matrix will have dimensions of nxn in which the 01 0 1 B = 01100 0 _
g entry in row i and column j is the number of edges joining 1 2 1 0 4 ’ 3 Wheatstone bridge 2 5 Wheatstone bridge 4
b4 Interte the vertices i and j. On the other hand, the incidence matrix | | V(G) =1, 2, 3, 4} 0 O . _1 2 3 4 5 € / ; ’
— iy is the nxm matrix in which the entry in row i and column jis ~ Adlacency Matrix g (175 3,4,5,6) Incidence Matrix 2 1 1 : c 10 1 1 1
edges 1 if vertex i is incident with edge j, and 0 otherwise. 3 1 0 1 0 7 1 0 1 0
(a) 4 1 1 0 1 : ; 8 1 1 0 1
5 1 0 1 0 9 1 0 1 0

Applied Graph Theory / Wheatstone Detection Algorithm Demonstration of Braess Paradox
Fig 12: The reduced network graph where the highlighted

lines represent the shortest and convenient path from one

_ _ )"‘ | . called a computer algebra program, used in many scientific, engineering,
Braess paradox states that in a congested network, it kN Mathematica 10 mathematical, and computing fields. node to any other that traverses the least amount of
may happen that adding a new path between resistances present . These are labeled with “+” while all

_ \"\folfram Mathematica is a symbolic mathematical computation al program, sometimes

destinations can increase the level of congestion. In Step 1. Calculate the node-node adjacency matrices N, Step 2. Construct the diagonal entries of the T Matrix. To others are indicated witha **.. 4 T e
Ilr‘]aenzre)?:g?;lr?sr] Or;er:\évtc\)/\:(l;ﬁ,( :)l;ertigirllozrr\]ct);nvevrrl]c;ns ;i‘?sur:tlfl ;g)err( N2 and N3 for the reduced-form 13-bus network. obtain the triangles, you must divide the diagonal entries by % ) o h the added
Fig 13: Upon creating the 13 - bus system with the adde
to optimize their own performance metrics. In an electric N N2 N3 @ (b) O > &> ed%es to fhe reducedq network, we cgn see that based on
3 power c_hstrlbutlon_ network, an analogous increase in P P, P S 20000000 0 the distribution of "+" & " lines in both network. the L
(a) without 2-3 link (b) with 2-3 link congestion can arise as a consequence of Kirchhoff's 'é 011100000 1412201000 ceE8712100 6002000000 = 2 = reduced network is balanced, but the 13 - bus network is e L
ig 2: Schemati jion of th dox when f s SERERFREE L2210t 000 SEEO RS 0000030000 unbalanced. Now, by comparing the values of the total ~ **= 3~  © 7 * H.
Vertions aro considerad and an oxtra edge is added & e grd. dononoiiis opiedizall jpiiiiennnd SRR 2 2 resistance traversed between both networks, we see tha
' 0000011010 0001021312 0111176473 0000000020 D thereducednetwork'spathwas moreefﬁcientinavoiding

0000010101 0000022131 00020737405 0 0 00 0O0O0O0O0I1 .
0000010010 0000011212 000106335 :2 thelargerreS|stances.
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Fig 7: (a) Shows the construction of matrix T. The diagonal of Fig 14: Too demonstrate how adding more edges to the R
the matrix demonstrates the number of triangles connected to network, would increase the amount of congestion. We L VAN AN
L . - each bus. (b) Graphical representation of matrix T. Buses 1-10 created a 13-bus network with 31 connections. Actually, L ) _:" =
) rTehstiSstg:fgce)nceogif;ﬁe?fb?ag?mgﬁgiegoigdﬁ%% I?i@tzln?galg%h; dcc())%tslzlr?lgng\)/\lljr: have loops, which we will use to represent the number of theb Tnore deﬂges you badd to tge ngftwork_, the mohre ot T
. .~ . - unbalanced the system becomes. Even if you increase the ] SR Rl e
R4; the other parallel branch contains an adjustable resistance R2 and finally Step_3. ]Elonstrulslt a_mla t%xll\lllfrcl)\lm Matrix N and a 10x10 triangles connected to each bus amount of buses,ythe more complex the ngtwork, the more ) _
another fixed resistance R1. matrix of ones ,Matrix 1. _ Step 4. The Pairs of nodes in the network with a geodesic path of unbalanced it will become. &
« Due to this specific arrangement of resistors, we observe that the resistance of both (a.) (b.) _:Ijg ) length one correspond to the off - diagonal nonzero entries of NG2

arms of the bridge circuit is the same. Thus, by applying Kirchhoff's laws, we obtain

a.
the equation which shows the relationship of the resistance between the two arms of ( ) .. (b)

5. Conclusion
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the bridge: SEEEIEREE
0000040000 . Braess Paradox, a concept originally involved with traffic networks and its counterintuitive approach of adding an
R2 0000000302 additional road to alleviate congestion, can be extended to its implications with electrical grids.
Fia 3 The Wheatstone bridae is an R4 — R3 — Fig 8 : (a.) Matrix N1’s entries will tell us which pairs of nodes | Cereeeee 0.2 | . Specifipall_y, the consequences _of erroneously increasing the number of grid points and cablings for better
g < . . J h desi hs of | h | Thi ix will b Fig 9: (a) Matrix NG2 demonstrates 1 or 2 geodesic paths of transmission of electrical power in a network may actually decrease the networks level of performance and lead to
electrical bridge circuit used to measure ave geodesic paths of length equal to one. This matrix will be att _ ge _ : | _ | _
resistance ] used for solving the indicator matrix. (b.) Graph showing the Ie_ngth one WI'[hII.’l the network. Sln_ce the matrix is symmetric, we detrimental loses in electrical power flow and ultimately cause power outages across the grid.
' geodesic paths of length 1. will only be looking at the upper triangular part of the matrix. (b.)

NG2 graph will be used to demonstrate sets R1 and R2.
Step 5. Define R, R?, R3

2. ObJeCtlveS (a) (b) (c) Fig 11 : (a) is a simulation which was created using
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